An equilibrium super uid is usually modelled by a Bose gas below its transition temperature. Here we compute rigorously the extremal equilibrium states below this transition temperature. We compute the deviation from normality of the angular momentum uctuations both below and above this transition temperature. Finally we compute the distribution functions of the angular momentum and of its uctuations.
Introduction
Blatt and Butler 1] have shown that a rotating ideal Bose gas in three dimensions undergoes phase transitions similar to those occurring in rotating He II . Their main result is that the total angular momentum J of the gas, considered as a function of the angular velocity ! of the bucket increases linearly between a sequence ! 1 ; ! 2 ; ::: of critical values of !. At a critical value of ! the angular momentum jumps by an amount N 0 h where N 0 is the number of condensed particles.
Blatt, Butler and Schafroth 2] considered the rotating bucket model and discussed the question whether the e ective moment of inertia is the same for classical as well for quantum statistical mechanics. By heuristic computations they showed that this holds above the transition point but not below.
Lewis and Pul e 3] made a rigorous study of the free Bose gas in a rotating bucket. They treat a grand canonical Bose gas, by xing the average density and the average angular momentum. The idea is to compute the generating functional of the representation of the cyclic representation of the canonical commutation relations corresponding to the state which is the thermodynamic limit of the grand canonical ensemble with xed density and xed angular momentum. Using this state they showed that there exists a critical density c above which there is a condensate in the lowest or the two lowest energy levels, depending on the angular velocity of the system in the thermodynamic limit. These computations con rmed the heuristic results of Blatt and Butler 1], Putterman, Kac and Uhlenbeck 4] .
In section 2 we recall the main properties of the model of the rotating bucket as described in 3]. We need two of their results. We extend their rst in the sense that for > c we calculate the extremal equilibrium states. In order to do this we add one or two extra eld -terms to the Hamiltonian, a technique already used in 5] and 6]. We indicate also di erent but complementary ways of calculating this equilibrium state. Loosely speaking one can say that we calculate with testfunctions which feel the boundary. In 3] the state is calculated for functions which do not see the boundary. The precise statement can be found in section 2. Section 3 contains essentially the law of large numbers. We prove that for densities below the critical density c , the distribution functions of the average angular momentum density and the average particle density are given by a -distribution. For densities higher than the critical density however, we rigorously prove that the distribution function of the angular momentum corresponding to the state given in 3] is certainly not a -distribution. However the distribution function of the angular momentum corresponding to the extremal state is a -distribution. This con rms the fact that the states which we derived are extremal equilibrium states.
In section 4 we introduce the uctuation of the angular momentum and make precise in what sense we take the thermodynamic limit. Because the uctuation of the angular momentum is directly related to the moment of inertia of the system, one expects the uctuations to behave as O(L 5 ). Our computations show indeed this behaviour if < c , which is in agreement with the heuristic computations of Blatt, Butler and Schafroth 2]. For > c we make the external eld volume dependent in the sense that it tends to zero with increasing volume i.e. we treat it as a boundary condition and we compute the deviation from normality. This is expressed in terms of a parameter which we call the critical exponent. on exponent If the eld vanishes very slowly, the critical exponent is independent of the rate of decay of the eld, and coincides with the exponent for the case of low densities. If the eld drops o too quickly, the e ect of the eld terms disappears and the state is no longer extremal. In the case where the eld vanishes moderately quickly, the critical exponent depends on the vanishing rate. The results of this section, without proofs, are announced already in 7] .
The nal section contains the proof of the Gaussianity of the distribution function of the moment of inertia of the system. This result is true both below and above the critical density and is independent of the boundary condition.
The Model
We follow closely the setup of Lewis 
where < :; : > L denotes the scalar product in H L . The system of free bosons in a rotating bucket is now described by the following Hamiltonian :
where L is the chemical potential and N L is the number operator on F(H L ). A state is a normalized linear functional on the algebra A L . A state L which describes the system in thermal equilibrium satis es the KMS-equation
. For nite volumes the solution of this equation is unique and given by the Gibbs state :
where = 1=kT is the inverse temperature. Because the algebra A L is generated by f ; a(f); a + (g)g with f; g 2 H L the state is completely determined by the correlation functions :
for all m; n 2 IN and f i ; g j 2 H L . These are calculated by means of the generating functional, i.e. the expectation value of the Weyl operators :
It is a well known fact that this expectation value is of the form:
where
First we determine a suitable basis in H L . Let f k;L : k = 1; 2; 3; : : :g be a complete orthonormal set in H L such that :
where k stands for the three quantum numbers (n; l; m) appropriate to the cylindrical geometry. The labels k are such that
The k;L are given in terms of the k k;1 and the E k;L in terms of the E k;1 as follows: It is straightforward to rewrite the Hamiltonian in this basis :
where a k;L a( k;L ). One computes the average particle and angular mo-
One takes the limit L ! 1, keeping and xed. The constraints (8) , (9) determine L and L as functions of L.
Remark that we follow here the same point of view as in 10], where the thermodynamic limit is taken keeping the density constant. Here we keep the density as well as the angular momentum density xed. (2) i.e.: 6 = 1 + (1 ? ) 2 with 2]0; 1 , and 1 6 = 2 : (10) However if > c , the state is no longer extremal (see section 4). In order to calculate the extremal states one adds one or two extra eld-terms to the Hamiltonian.
Before doing this we recall another result 3]. Denote n i = a + i;L a i;L and de ne : 
ii) If for some l 1 :
iii) If for some l 1 : 
It is clear that for c there is no condensation. If > c , in case (i) there is condensation only in level 1, as in the ordinary free Boson gas. In the cases (ii,iii,iv) there is condensation in both levels 1 and 2. This is because of the degeneracy of the lowest energy level when ! = ! l . In order to compute the extremal states we add one eld in case (i) and two elds in case (ii). We limit ourselves to the explicit presentation of this latter case, because all other cases can be treated in the same way.
Lemma 1 Take f; g 2 H L , the equilibrium state described by the Hamiltonian :
is a quasi -free state 11] with the following one -and two point functions :
Proof :
This follows straightforwardly from the K.M.S condition (2) .
For the system with external elds consider again the constraint equations (8) and (9) . The chemical potential L depends now on these elds. This is expressed through the notation L . The same holds of course for the angular velocity. With this in mind, one has the following property about the joint limit L ! 1; 1 ! 0; 2 ! 0.
Lemma 2 : Following the scheme of theorem 2 case (ii) one has : (20) where ! 1 and l are as before.
proof :
The relations (i) and (ii) are trivial,(iii) and (iv) become clear if one rewrites the constraints (8) , (9) as
where c = 1 2 ! 1 a 2 c (see 3]).
Introduce the notations : Proof : The explicit proof is given only for the case (ii) of theorem 2. By expanding the function f in the basis f k;L : k = 1; 2; : : :g and using the fact that the di erent k-modes are orthogonal, or
where the A k L are generated by fa k;L ; a + k;L ; g, one has the following expression for the generating functional :
Applying the translation automorphisms:
, one gets :
In the limit L ! 1 the product over the k becomes exp ?( 1 4 k f k 2 + 1 2 A ; ; (f; f)):
Using : The rst term represents the angular momentum of a ring with radius a, rotating with an angular velocity ! 1 and a particle density ? c , while the second term is the angular momentum of a cylinder of uid particles with radius a, rotating at the same speed, and with a particle density c .
Angular momentum distributions
In this section we look for the distribution of the average angular momentum and the average density . The results give information on the limit state 1 = lim L!1 L being an extremal equilibrium state or not. In fact we calculate the distribution function of .
Theorem 4 Consider the system (
Proof : By (7)
. The left hand side of (22) becomes : The quadratic term is (see next section) the uctuation of the angular momentum. It behaves as O(L 5 ), hence the second expression vanishes in the limit L ! 1. In the appendix it is proved that the sum of all higher order terms also vanishes when L ! 1. By dominated convergence, the theorem follows.
Analogously one shows that the distribution of the average density equals
in the case c . Note that this agrees with the result for the free Boson gas (see e.g. 12]).
Let us now consider the case > c , and calculate again the distribution in the state determined by the Hamiltonian (1). The expectation value of the distribution function will not be a -distribution.
Theorem 5 If > c , for the case (i) of theorem 2 one gets: Finally we calculate the distribution function of the angular momentum operator if > c . We restrict ourselves to the case (ii) of theorem 2. We take the elds i volume dependent in the following particular way : 
exp ( 1;L ) ? 1 + c :
The statement of the theorem follows immediately from the fact that the average density is kept xed. Note that the contribution to ? c comes from the rst two terms. If 1, only the last term contributes, and
In order to calculate the distribution function, we need the following lemma.
Lemma 4 For k=1,2 : Proof : In order to compute the trace, apply again the translation automorphism as in the proof of theorem 3,(using the same de nition for k ) then one gets for the trace :
De ning :
one has the following di erential equation for U(t) :
The solution of this equation evaluated at t = 1 is given by :
Using in (25) :
After taking the limit L ! 1 one gets (using lemma 3) the lemma.
Proof : We write down the proof explicitly only in the case (ii) of theorem
Using the previous lemma yields :
This theorem constitutes our most striking result of this section. One remarks that even at high densities, > c , the distribution of the average angular momentum in the extremal equilibrium states is still a point distribution. This indicates that our technique of working with a two -mode external eld lifts the degeneracy of the ground state levels. It indicates also that the extremal or ergodic equilibrium states, computed in theorem 3, are the grand canonical states in which one should compute the angular momentum uctuations. This is done in the next section.
Angular momentum uctuations
In this paragraph the aim is to nd the critical exponents of the angular momentum susceptibility. We calculate the uctuation of the angular momentum and that in a special way; we take simultaneously the limit, tending to in nity, of the size of the system together with the number of random 2 for which the following variance is nontrivial :
The critical exponent indicates at which level the uctuations appear, i.e. is a measure for the deviation from the standard square root of the mathematically normal uctuation. For translation invariant operators, = 0 indicates the normal situation, the uctuations are then called normal. If > 0 one speaks about abnormal uctuations, if < 0 then F (A) is called a subnormal (squeezed) critical uctuation. In our case we have to take for A the angular momentum J, i.e. :
As we shall show, the physically normal situation for the angular momentum J is = 1=3. This is because of the fact that the angular momentum is not a translation invariant operator. The result agrees with an equivalent result for the interacting Bose gas under suitable cluster conditions e.g. at very high temperatures 13]. The = 1=3 is also related to the fact that the angular momentum uctuations are connected to the moment of inertia of the system in the following way. The moment of inertia is de ned as the derivative of the angular momentum with respect to the circular velocity :
where of course :
< J >= Tr e ? (H? J) J Tr (e ? (H? J) ) : Clearly :
Up to a volume-dependent factor this is the angular momentum uctuation variance and in the thermodynamic limit one gets indeed lim L!1 L = 0. This is the heuristic argument why the variance of the angular momentum uctuation is proportional to the moment of inertia.
First we compute the value of at low densities. Hence up to some constant terms which do not diverge because of the absence of a condensate, the uctuation is bounded by an expression of the following form :
Putting = 1=3 one has :
where x] denotes the integral part of the number x 2 IR. By the dominated convergence theorem this sum converges to an integral expression which is nontrivial. This proves that should be equal to 1=3 in order to have a nite, nontrivial variance (27) for the explicit case (28). 
: >From the proof of this theorem it is clear that if > 2 3 , the contribution to the angular momentum susceptibility comes only from the levels which show condensate. It is in this region that the e ect of the external eld is strong enough to in uence the uctuations; = 2 3 is the point where the moment of inertia of the system is completely determined by the condensate sitting at the boundary of the cylinder.
The result of this theorem is somewhat surprising. One understands that if the external eld drops o very quickly i.e. for 1, then the system behaves as if there is no eld and = 1=2 which corresponds to the case of a mixed state, i.e. a convex combination of extremal equilibrium states. In the free Boson gas we are in this situation. Below the transition point, for high densities, the equilibrium state is the integral over the equilibrium states with xed gauge. Hence for 1 one expects the same properties as for the full Gibbs state.
When is smaller, one expects to look at the intrinsic properties of the equilibrium states which are situated in the gauge breaking extremal states. Also the study of the deviation from normality of the angular momentum uctuation should refer to these gauge breaking states.
That is exactly what we expect to nd for 1. The theorem tells that the parameter depends on the boundary condition i.e. on . This phenomenon was found already in other models 5], 6], 14] as well quantum as classical ones. Here this e ect is only seen in the range 2=3 < < 1. However, if < 2=3 or the external eld vanishes very slowly, then the eld forces the system into an extremal phase, with an angular momentum distribution which is Gaussian (see section 5) and physically normal or classical i.e. the super uid region does not show any peculiar quantum e ect, i.e. = 1=3, the same value as in the low density region < c (see theorem 7). Hence the non -classical behaviour appears only if 2=3 < < 1 and it is determined by the boundary condition. This is surprising for a model describing super uidity.
Fluctuation distributions
In this nal section we look for the distributions of the uctuations of the angular momentum and prove that they are Gausssian in all circumstances, i.e. for high as wel as for low densities, and for all values of the average angular momentum. Theorem 9 If < c then = 1=3 and: 6 Appendix
Here we prove a technical result which is used in the proof of theorems 4,9 and 10. We prove the convergence of a power series in the thermodynamic limit. We are looking at the following expression : 
which appears for instance in formula (23).
In order to compute a bound for this sum, we need a formula for the derivative in the previous expression. This is done in the following lemma. The integrals over m and n are r-independent and hence unimportant. As which is convergent for L large enough, with a limit tending to zero. This proves the statement. The upperbound extends to the situation occurring in the proof of theorem 10.
